Introduction
The variational approach to solving optimal control problems leads to a nonlinear two point boundaryvalue problems that cannot be solved analytically to obtain the optimal control law, or even an optimal open loop control. In problems with plant dynamics and quadratic performance criteria (linear regulator and tracking systems), it has been found that, it is possible to obtain the optimal control law by numerically integrating a matrix differential equation of the Riccati type.
II. Continuous-Time Linear-Quadratic Regulator Problems
In this section we shall consider an important class of optimal control problems. The process to be controlled is described by the state equations: ( ) ( ) ( ) ( ) ( ) ( ) 2.1 ( ) ( ) ( ) 2.2 where ( ) is an n-dimensional state vector, ( ) is the m-dimensional plant control input vector and ( ) is an r-dimensional output vector, with( ); and ( ) ( ) and ( ) are matrices, respectively.
According to [4] , the plant described above is a continuous-time, linear dynamical system with the following properties: 1. A time set { } such that { } = (-) , where is the initial time and T is the final or terminal time. 2. A set of states * ( )+ called the state space, where is the n-dimensional Euclidean vector space. 3. A set of inputs or controls { ( )} called the input or control space, where is the m-dimensional Euclidean vector space. 4. A function space whose elements are bounded, measurable functions, which map into U. 5. A set of outputs * + called the output space. If the control ( )is a given element of , let ( ( ))denote the solution of the system (2.1) starting from at time [that is , ( ) -and generated by the control ( ). Furthermore, let ( ) ( ) ( ) be the corresponding output trajectory. Then, the optimal linear regulator problem is to determine the control ( ) which, as we shall see below, minimizes a quadratic performance index. More specifically, an explicit solution of (2.1), given an initial state, at and is as follows: (see [3] 
where ( ) ( ) is the state transition matrix associated with the constant matrix ( ) Similarly, the solution to (2.2), given an initial state, and input, u(t) on , ) is (see [1] ):
where
is the impulse response matrix.
Therefore, and as mentioned above, the optimal linear regulator problem for a linear dynamic system entails the determination of the optimal control ( ) , -which minimizes the quadratic performance index: (see [1] and [4] 
6 where H is a real symmetric positive semi definite (nonzero) matrix; the "terminal state" ( ) is unconstrained, and the terminal time, T, may be either fixed prior or unspecified ( ). The superscript T denotes matrix transposition. ( ) is a real symmetric positive definite matrix. H and ( ) are not both identically zero. Since ( ) is positive definite, it possesses a unique positive definite square root, ( ) Similarly, the positive semi definiteness of ( ) implies the existence of the unique positive semi definite square root
( ) The notation H will be used to indicate that, the matrix H is positive semi definite, that is, Similarly, the notation H > 0 will be used to indicate that H is positive definite. In order to minimize the performance index J, it is necessary that J is finite, which means that it will become infinite if uncontrollable. The weighting matrices ( ) and ( ) are selected by the control system designer to place bounds on the trajectory and control, respectively, while the matrix H and the terminal penalty cost ( ) ( ) are included in order to ensure that x(t) stays close to zero near the terminal time. From a design point of view, the control system designer may design the system so that the term ( ) ( ) is chosen to penalize deviations of the regulated state ( )from the desired equilibrium condition ( ) , where as the term ( ) ( ) discourages the use of excessively large control effort.
III. The Steepest Descent Method (SDM)
Our discussion of the SDM (a gradient method) will begin by considering an analogous calculus problem. Let f be a function of two independent variables and ; the value of the function f at the point , is denoted by ( ). It is desired to find the point where f assumes its minimum values, ( ) According to [6] , if it is assumed that the variables and are not constrained by any boundaries, a necessary condition for to be a point where f has a (relative) minimum is that, the differential of f vanish at , that is,
is called the gradient of f with respect to y. Since and are independent, the components of are independent and (3.1) implies, that is,
However, for ( ) to be a relative minimum, it is necessary that the gradient of f be zero at the point . Equation (3.2) represents two algebraic equations that are generally nonlinear which, if the algebraic equations cannot be determined analytically for one possible approach is to visualize the minimization as a problem in hill climbing. As in [6] , it is opined that, the function f defines hills and valleys in the three-dimensional ( ( )) space. One way to find the bottom of a valley is to pick a trial point ( ) and climb in a downward direction until a point is reached where further movement in any direction increases the function value. To make the climbing procedure efficient, we chose to climb in the direction of steepest descent, thus ensuring that the shortest distance is traveled in reaching the bottom of the hill. The direction of the steepest descent at ( ) is determined by evaluating the slope or gradient of the hill at the point ( ) . It is evident that, the gradient vector is normal to the elevation contour and ( ( ) ) is the unit vector in the gradient direction at the
Climbing in the direction of the vector ( ( ) ), the change in y is given by
is the step length. With this selection for , the differential, which is a linear approximation of the change in f , becomes
or, by using (3.3),
Notice that this implies that
With the equality holding if and only if is zero at ( ) . This iterative procedure is continued by calculating ( ( ) ), the unit vector in the gradient direction at ( ) , and using the generalization of (3.4) to determine the next point,
3.8 It must be stated that, a suitable value for the step length, must also be selected. If the value of is too large, definitely, we will overshoot the mark and if is too small, too much time is being spent trying to measure the slopes and not enough time is spent climbing.
IV.
Minimization of Functionalsby SDM in this manner, with ‖ ‖ sufficiently small, ensures that each value of the performance measure will be at least as small as the preceding value. Eventually, when reaches a relative minimum, the vector will be zero throughout the time interval , -Subject to these, we have assumed that (4.1) to (4.4) are satisfied. On how this is achieved, we outline the algorithm as it would be executed using a digital computer.
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V. The Steepest Descent Algorithm
According to [6] , the optimal control problem (2. ( ) and return to step (b) above. The value of the terminating constant will depend on the problem to be solved and the accuracy desired of the solution. The step length is generally determined by some ad-hoc strategy. One possible strategy is to select a value which attempts to affect a certain value of From (5.4) we observe that
To effect an approximate change of q percent in select as
An alternative strategy for selecting is to use a single variable search. We choose an arbitrary starting value of compute ( ) and evaluate ( ) using (4.5).
In summary, we now present the SDM for solving continuous-time linear-quadratic regulator problems as follows in the next section.
VI. Computational Results
The following linear regulator problems were solved using the SDM algorithm described above.
Problem (P1)
What is the optimal trajectory and control for the system ( ) = ( ) ( ) 0 , ( ) ( ) that minimizes the performance measure J = ( ) ∫ * ( ) ( )+
Problem (P2)
Find the optimal trajectory and control for the system
The final time T = 10.
The computational results of the above problems are presented in Tables 1 -5 .
VII. Conclusion
Computationally, the SDM was tested on a number of continuous-time linear-quadratic regulator problems with the results obtained in each case. Our numerical results for these problems are presented in the Tables 1-4 . From the tables, it can be seen that (P1) readily converged at the seventh iteration when compared with the analytical result, (P2) and (P3) converged at the forth and third iterations comparing them with the analytical results and respectively. While (P4) converged at the 18 th iteration to and 0.04615397268. In addition, the terminating criterion was fixed at‖
The terminating criterion is relaxed so that we could substantiate usage of the SDM in solving this class of problem. Based on the results, it is obvious that, on determining the optimal controls and trajectories of continuous-time linear-quadratic regulator problems using iterative numerical techniques, the Steepest Descent Method is relevant and recommended for use. 
